We identify the class of f (R) dark energy models which have a viable cosmology, i.e. a matter dominated epoch followed by a late-time acceleration. The deviation from a ΛCDM model (f = R − Λ) is quantified by the function m = Rf,RR/f,R. The matter epoch corresponds to m(r = −1) ≃ +0 (where r = −Rf,R/f ) while the accelerated attractor exists in the region 0 ≤ m < 1. We find that the equation of state wDE of all such "viable" f (R) models exhibits two features: wDE diverges at some redshift zc and crosses the cosmological constant boundary ("phantom crossing") at a redshift z b smaller than zc. Using the observational data of Supernova Ia and Cosmic Microwave Background, we obtain the constraint m < O(0.1) and we find that the phantom crossing could occur at z b 1, i.e. within reach of observations. If we add local gravity constraints, the bound on m becomes very stringent, with m several orders of magnitude smaller than unity in the region whose density is much larger than the present cosmological density. The representative models that satisfy both cosmological and local gravity constraints take the asymptotic form m(r) = C(−r − 1) p with p > 1 as r approaches −1.
I. INTRODUCTION
Recent observations have continuously confirmed that about 70% of the present energy density of the universe consists of dark energy (DE) that leads to an accelerated expansion [1] . The simplest DE scenario consistent with observations is the ΛCDM model in which DE is identified as a cosmological constant Λ. There are many other attempts to explain the origin of DE, which can be broadly classified into two classes. The first class consists of modified gravity models in which gravity is modified from Einstein theory, whereas the second class corresponds to introducing a more or less exotic form of matter (such as a scalar field [2] ) to explain the late-time acceleration. One of the main focus of current research is to find a departure from the ΛCDM model by confronting dynamical DE models with observations.
In this paper we shall study cosmological and local gravity constraints on a class of modified gravity DE models [3] whose action is a general function f (R) in terms of a Ricci scalar R, i.e.,
where κ 2 = 8πG = 1/M 2 pl while G is a bare gravitational constant and M pl is a reduced Planck mass (see also Refs. [4, 5, 6] ). Here L m and L rad are the Lagrangian densities of dust-like matter and radiation, respectively. Throughout this paper we shall focus on the metric-variational approach. See Refs. [7] for the Palatini formalism of f (R) DE models.
In Ref. [8] it was shown that the models of the types f (R) = R − α/R n (n > 0) and f (R) = αR n (n = 1) do not possess a standard matter epoch because of a large coupling between gravity and dark matter, even though a late-time acceleration can be realized (see also Refs. [9, 10, 11] ). Extending the analysis to general f (R) cases, the paper [12] has recently clarified the conditions under which f (R) DE models have a matter era followed by an accelerated expansion. However this does not necessarily mean that the models satisfying the conditions derived in [12] can be consistent with observations. In this paper we constrain f (R) models that have a matter epoch prior to the acceleration from the observational data such as Supernova Ia (SNIa) and the sound horizon of Cosmic Microwave Background (CMB).
The deviation from the ΛCDM model is quantified by a variable
where
Note that the ΛCDM model corresponds to m = 0. As we will show in this paper, the quantity m can be constrained as m < O(0.1) throughout the matter and accelerated epochs from CMB and SNIa data. This limit still allows for interesting deviations from ΛCDM, in particular for the possibility to observe a phantom crossing and a singularity at low redshifts in the equation of state of DE. However, as we will show, local gravity constraints (LGC) give a tight bound for m very much smaller than unity in a region whose density is much larger than the present cosmological density. Although this tight constraint excludes most f (R) models (or renders them indistinguishable from the ΛCDM model), those proposed recently by Hu & Sawicki [13] and Starobinsky [14] , which appeared after the initial submission of this article, are still viable and can be distinguished from ΛCDM.
II. VIABLE COSMOLOGICAL TRAJECTORIES
In the flat Friedmann-Robertson-Walker background with a scale factor a, the evolution equations in the metric-variational approach are given by
where F = ∂f /∂R, H =ȧ/a, R = 6(2H 2 +Ḣ), and a dot denotes a derivative in terms of cosmic time t. Note that we study the dynamics in the positive F branch. The energy densities of a non-relativistic matter and radiation satisfy the equationsρ
respectively. In order to confront the models with SNIa observations, it is convenient to write the equations as follows
Here the subscript "0" represents present values at the redshift z = 0. By defining ρ DE and p DE in the above way, these satisfy the usual conservation equatioṅ
Then the DE equation of state (EOS) parameter, w DE ≡ p DE /ρ DE , is directly related to the one obtained from observations [15] . Introducing the following variables
we obtain [12] 
where N = ln a, x i,N = dx i /dN and
Deriving R as a function of r from Eq. (17), one can express m as a function of r = x 3 /x 2 and close the above system. Notice that defining Ω m ≡ κ 2 ρ m /3F H 2 one has
The DE equation of state is given by
where y ≡ F/F 0 . We note that the effective equation of state of the system is given by w eff = −(2x 3 − 1)/3. The analysis of the phase space has been performed in great detail in [12] . Here we summarize the main results. In the absence of radiation (x 4 = 0) we have six fixed points for the above system. A matter epoch can be realized for m ≈ 0 and r ≈ −1 on the critical point
,
. If m ≈ +0 and m ′ (r) ≡ dm/dr > −1 at r ≈ −1 the matter era corresponds to a saddle with a damped oscillation, whereas if m < 0 a prolonged matter period is not realized because the real part of the eigenvalues of the critical point diverges (see also [10] ). Note that the radiation point also exists in the region with m ≈ 0, which corresponds to a saddle [12] . Hence a viable cosmological trajectory starts around the radiation point with m ≈ 0, which is followed by the matter point with m ≈ 0.
When the trajectory passes through a standard matter era P M with m ≈ +0, then one sees that Ω m ≈ 1. On the other hand, the future asymptotic value of Ω m is always zero if the acceleration occurs (see below). Therefore the denominator of w DE , which in the absence of radiation can be written as 1 − F Ω m /F 0 , goes from ≈ 1 in the future to 1 − F/F 0 in the deep matter era; this shows that if F increases toward the past 1 − F/F 0 crosses zero and becomes negative and consequently w DE passes necessarily through a singularity. We will show in the next section that this is indeed what happens.
There are two stable fixed points leading to a late-time acceleration:
The effective EOS is given by w eff = −1 for P A and w eff = 2−5m−6m 2 3m(1+2m) for P B . The former exists on the line r = −2 and is stable for 0 < m ≤ 1. The latter exists on the line m(r) = −r − 1 as is the case for the point P M . There are several ranges of m that lead to a stable acceleration, but only for ( √ 3−1)/2 < m < 1 and m ′ (r) < −1 one can have a transition from the saddle matter era to the accelerated epoch (in this case w eff > −1) (see discussions in [12] ). Therefore, we have only two qualitatively different viable cases:
• Models that link P M with P A (Class A),
• Models that link P M with P B (Class B).
See Fig. 1 for an illustration.
The cosmological dynamics of f (R) models can be well understood by considering m(r) curves in the (r, m) plane. The ΛCDM model, f (R) = R − Λ, corresponds to m = 0, in which case the trajectory is a straight line from P M : (r, m) = (−1, 0) to P A : (r, m) = (−2, 0). We now introduce three f (R) toy models that represent the two qualitatively different classes of cosmologies A and B. As Class A we define a minimal generalization of the ΛCDM model given by (model A1)
This is characterized by the straight line
The existence of a saddle matter epoch requires the condition c ≥ 1 and bc ≈ 1. When c = 1 the trajectory is given by m = b − 1 and is parallel to the ΛCDM line (m = 0). We also introduce models of the type (model A2)
which satisfy m = n(1+r)/r and also fall into the Class A [11, 12] . As representative of Class B, i.e., a cosmological evolution from P M to P B , we select the models (model B1)
where C > 0. We require the conditions m ′ (−1) = −C(1 − a+ b) > −1 and m ′ (−2) = C(3a− b − 8) < −1 for the transition from the matter era to the stable acceleration. In Fig. 1 we plot four trajectories corresponding to the various cases we presented above. These toy models are meant only to exemplify the classes of viable cosmologies; it is clear that there are an infinite number of m(r) curves connecting P M to P A,B . However, most of our arguments below will apply to any of these curves.
III. OBSERVATIONAL CONSTRAINTS
For the viability of f (R) models we require that they satisfy three observational constraints: (i) CMB, (ii) SNIa and (iii) LGC. The first one comes from the angular size of the sound horizon defined by 
n with α > 0, 0 < n < 1, and (iv) m(r) = −C(r + 1)(r 2 + ar + b). Here PM , PA and PB are matter, de-Sitter and non-phantom accelerated points, respectively. position of CMB acoustic peaks and has been constrained as Θ s = 0.5946 ± 0.0021 deg from the WMAP 3year data [16] . Since the eigenvalues of the Jacobian matrix for perturbations about the matter point P M are given by 3(1 + m ′ (r)) and −3/4 ± −1/m, the matter epoch (m ≈ +0) lasts for a long time as the tangent m ′ (−1) approaches −1. If m ′ (−1) is close to −1 it is generally difficult to satisfy the CMB constraint.
We have integrated the autonomous equations to obtain the present matter density Ω (0) m = 0.28. Then we solved back the equations toward the past to get Θ s = 0.5946 ± 0.0021. This is a trial and error procedure that is done by changing initial conditions in the radiation era. If the present radiation density satisfies the condition 5.0 × 10 −5 < Ω
rad < 2.5 × 10 −4 together with the sound horizon constraint, we conclude that the models pass the CMB test. Then the straight line model A1 given in (21) , for example, is constrained to c < 3 and m < 0.282. For larger c the contribution of dark energy is significant even in the matter-dominated epoch, thus incompatible with the CMB constraint. This comes from the fact that as m deviates from 0 the coupling between dark energy and dark matter becomes significant.
In what follows we shall consider the SNIa constraint under the situation where the CMB constraint is satisfied. The viable cosmological trajectories are restricted to be in the range m > 0 and r < 0. Since we are considering the case of positive F , this translates into the conditions RF ,R > 0 and R/f > 0. If R changes sign, both m and r change signs simultaneously. Then it is sufficient to consider positive R, which gives F ,R > 0. This translates into the conditionḞ < 0 when R decreases in time, which means that the variable F increases toward the past. Hence the DE equation of state exhibits a divergence at some redshift z c > 0 because ρ DE changes sign. Since p DE is negative provided x 3 ≥ 1/2 (in which case the radiation, matter and accelerated epochs are included), we have w DE < 0 for z < z c and w DE > 0 for z > z c together with the singularity w DE → −∞ as z → −z c and w DE → +∞ as z → +z c .
1 This shows an interesting feature of f (R) models: whenever they are cosmologically acceptable they exhibit a singularity in w DE at some epoch in the past and, as a consequence, a crossing of the "phantom boundary" w DE = −1. Note that the models with F ,R < 0 (such as f (R) = R− α/R n , n > 0) do not exhibit such peculiar behavior, but they are not cosmologically viable [8] .
In Fig. 2 we plot the evolution of w DE for the model (21) with bc = 1 for three different values of c. The ΛCDM model (c = 1) corresponds to z c → ∞. As c deviates from 1, the critical redshift z c gets smaller together with the increase of the present value of w DE departing from −1. The phantom crossing (w DE = −1) is realized at the redshift z b smaller than z c . It is worth pointing out that the phantom crossing occurs from the region w DE < −1 to the region w DE > −1, which is different from quintom models of DE [18] . In Table I we show the values z b , z c , w DE (z = 0) and m(z = 0) with several different choices of c. We find that z b is generally close Table II : The constraint on the parameter m for several f (R) models coming from the SNIa constraint wDE(z = 0) < −0.7 and the CMB. We also show the value zc corresponding to the maximum allowed m.
to unity (unless w DE today is extremely close to −1), which is within the observational range of SNIa. This interesting feature could be employed to discriminate f (R) modified gravity from other dark energy models. The divergence of w DE occurs at a redshift larger than z = 2 (if one also imposes the CMB constraints), so this is outside of the current observational range of SNIa. We can also use the criterion w DE (z = 0) < −0.7 for the compatibility with the SNIa data [19] . Then in the model A1 we obtain the constraint c < 2.3 and m < 0.276, which is slightly stronger than the one obtained by the CMB. We have also carried out a numerical analysis for the other f (R) models A2 and B1 described in the previous section. In Fig. 3 the evolution of m is plotted as a function of z in the marginal cases satisfying both the CMB and SNIa requirements. The constraints on m for the models (A1) f = (R 1/c − Λ) c ; (A2) f = R−αR n (0 < n < 1), and (B1) m = −C(r+1)(r 2 +r+1) are similar at all redshifts. Adopting instead a further model (A3) m = −C(r + 1)(r + 2.1) (which also belongs to the class A) gives a tighter constraint near the present epoch. This is simply due to the fact that m decreases as r approaches −2 after having a maximum value of m at r = −1.55 in the (r, m) plane. The difference between class A and B models is not significant provided the point P B exists in the large m region close to 1 to ensure sufficient acceleration. In Table II we summarize the maximum values of m and the allowed model parameters. As one can see, the parameter m is constrained to be m < 0.1-0.3 in all models we have considered. We have also checked that the slopes of the EOS, |dw DE /dz|, are smaller than ≈ 0.1 at present epoch and do not provide better constraints than the ones obtained from the criterion w DE (z = 0) < −0.7.
As we have seen, the cosmological observations require m to lie below 0.1-0.3 at all redshifts (up to the radiation epoch). For these values, the models display a phantom crossing and an equation of state singularity at a redshift of a few, making such f (R) theories quite intriguing from the observational point of view, especially since some SN analysis finds some evidence for a similar crossing (see e.g. [20] ).
Let us now include the constraints from local gravity experiments. The Newtonian effective gravitational constant can be obtained under a weak-field approximation by considering a spherically symmetric body with a mass M ⊙ , constant density ρ and a radius r ⊙ and a vanishing density (ρ = 0) outside the body. Using a linear perturbation theory in the Minkowski background with a perturbation h µν and decomposing the function F into background and perturbation parts (F = F 0 + δF ), the effective gravitational potential at a distance ℓ from the center of the body is [23, 24, 25, 26] 
where the mass M is given by
If M 2 < 0 the Yukawa correction e −Mℓ in Eq. (26) is replaced by an oscillating function cos(|M |ℓ), but this case is excluded experimentally. Hence the mass squared is required to be positive.
As emphasized in Ref. [25] , the expression (26) is valid in the regime in which the linear approximation |δR| ≪ R 0 holds (here δR is a perturbation in R with R 0 being a background value). The condition for the validity of the linear approximation is given in Eq. (33) of Ref. [25] , which is equivalent to
where m is defined in Eq. (2) and Φ c = GM ⊙ /r ⊙ is the gravitational potential at the surface of the body. Since the mass squared M 2 is estimated as M 2 ≃ R/3m for m ≪ 1, the condition (28) tends to be violated for large M . If we require M ℓ ≫ 1 with ℓ being the scale of the experiment (e.g. a scale of 1 mm for laboratory constraints or a scale of 1 AU for solar system constraints), we obtain
where G N ≡ G/F 0 is the gravitational constant measured at scales much larger than ℓ. Note that we used the relation R ≈ κ 2 ρ/F 0 . This constraint is extremely stringent: assuming e.g. ℓ = 1 AU and ρ = 10 −23 g/cm
3
(corresponding to the average density in the solar system) one gets m ≪ 10 −23 . Similar (or stronger) values are obtained for other experimental settings on the Earth or near other solar-system bodies. Combining Eqs. (28) and (29) we see that the condition for the applicability at a distance ℓ from the center of a spherical structure of the linear perturbation approach is that
which, for most astrophysical bodies, is actually violated. In particular, since Φ c ≈ 10 −9 ∼ 10 −6 for the Earth or the Sun or other planetary bodies, we find that Eq. (28) is actually grossly violated for local gravity experiments and we need to consider the non-linear regime.
When the mass M is heavy, the system enters a nonlinear stage in which a thin-shell develops inside the body through a chameleon mechanism [27] . In order to consider the chameleon effect in f (R) gravity, it is convenient to transform to the Einstein frame by a conformal transformation. Introducing a scalar field φ as F = exp( 2/3κφ), the potential in the Einstein frame is given by V = (RF − f )/2κ 2 F 2 with a constant coupling β = −1/ √ 6 between the matter and the field φ [8, 21] . In a spherically symmetric setting with an energy density ρ, we obtain the following equation for the field φ [27, 28] 
wherel is the distance from the center of symmetry in the Einstein frame and
The energy density ρ * is defined by ρ * ≡ e 3βκφ ρ, which is conserved in the Einstein frame [27] .
Let us consider a spherically symmetric body with an energy density ρ * = ρ * A inside the body (l <r ⊙ ) and an energy density ρ * = ρ * B ≪ ρ * A outside the body (l >r ⊙ ). Then the effective potential (32) has two minima at φ = φ A and φ = φ B satisfying the relations V ,φ (φ A )+βκe βκφA ρ * A = 0 and V ,φ (φ B )+βκe βκφB ρ * B = 0, respectively. The effective masses at the potential minima are defined by m When a body has a thin shell, the solution to Eq. (31) in the regionl >r ⊙ is approximately given by [26, 27, 28, 29] 
and Φ ⊙ = GM ⊙ /r ⊙ . As long as the thin-shell condition ∆r ⊙ /r ⊙ ≪ 1 is satisfied, the effective coupling |β eff | becomes much smaller than unity. In this case the models can be consistent with the results of solar system experiments as well as equivalence principle experiments. For example, in the case of two identical bodies with mass M c , the potential energy associated with the fifth force between the bodies is given by U (ℓ) = 2β [27] . The laboratory experiment constraints, 2β 2 eff < 10 −3 , are satisfied for ∆r ⊙ /r ⊙ ≪ 1.
In order to understand the condition under which the body has a thin shell, let us consider the model (23) with α = λR 1−n c . Note that R c is not much different from the order of the present cosmological constant. In this case the Ricci scalar R 1 at the de-Sitter point P A satisfies the relation λ = (R 1 /R c ) 1−n /(2 − n). In the region with a high density satisfying the relation R ≫ R c , the field φ B and the parameter m(R) are approximately given by
Using the fact that the Ricci scalar R B in the region B is approximated by R B ≃ κ 2 ρ B , we find that the thin-shell parameter is
This shows that, unless n is very close to 1, the thin-shell condition ∆r ⊙ /r ⊙ ≪ 1 holds for
which is opposite to the condition (28) for the validity of the linear perturbation theory. When the nonlinearity becomes important the body has a thin-shell. Since Φ ⊙ ∼ 10 −6 and 10 −9 for the Sun and the Earth respectively, the condition (38) shows that the parameter m is very much smaller than unity in a high-density region where local gravity experiments are carried out (R B ≫ R c ).
The current tightest constraint on the post-Newtonian parameter γ in solar-system tests comes from Cassini tracking, which gives |γ − 1| < 2.3 × 10 −5 [33] , This translates into the bound [28] ∆r ⊙ r ⊙ < 1.15 × 10 −5 .
Using this bound for Eq. (37) with the value Φ ⊙ ≃ 2.12× 10 −6 of the Sun, we obtain
as the present cosmological density and ρ B = 10 −24 g/cm 3 as dark and baryonic matter density in our galaxy, we obtain
Thus the model is very close to the ΛCDM model. The bound on n becomes even tighter if we take into account constraints from the equivalence principle [34] . Note that other f (R) models we discussed in the previous section also need to be very close to the ΛCDM model from the LGC. In such models the parameter m behaves as m = C(−r − 1) as r approaches −1 (here C is a positive constant). If we demand that the present value of m is of the order of 0.1 to find a deviation from the ΛCDM model, it is generally difficult to realize very small values of m around the region r ≈ −1 to satisfy the constraint (38).
It is also worth mentioning that the model of Ref. [35] , f (R) = R − λ 1 R c exp(−R/λ 2 R c ) with λ 1 , λ 2 > 0, which was explicitly introduced to satisfy the LGC without finetuned model parameters. When λ 1 ≈ 1 the model passes the LGC for λ 2 < 10 4 . However, this model is not cosmologically acceptable since it does not have a late-time accelerated attractor. We find in fact applying the criteria set forth in Ref. [12] that (i) the de Sitter point P A is not stable and (ii) the model does not have an intersection point with the line m = −r − 1 except for the point (r, m) = (−1, 0), which implies that there are no additional accelerated attractors beside the unstable de-Sitter point.
After the initial submission of this article, two viable models were independently proposed by (i) Hu & Sawicki [13] and by (ii) Starobinsky [14] :
where n, λ and R c are positive constants. In such models the following relation holds in the region R ≫ R c [32] :
where C = 2n(2n + 1)/λ 2n . For larger n, m(r) decreases very rapidly as r approaches −1 to satisfy the LGC. Moreover, since m(r = −2) = C at the de-Sitter point P A , it is possible to find a deviation from the ΛCDM model around the present epoch for C of the order of 0.1. The detailed analysis about these models can be found in Refs. [13, 14, 29, 32] , which showed that the models can be consistent with both cosmological and local gravity constraints for n ≥ 2. Note that the model f (R) = R − λR c tanh (R/R c ) introduced in Ref. [32] is also viable, which can be regarded as the limit n → ∞ in the models (42) and (43). (see also Ref. [31] for a similar model).
IV. CONCLUSIONS
We have shown that the variable m that characterizes the deviation from the ΛCDM model is constrained to be m < O(0.1) from the observational data of CMB and SNIa. We find that in general the f (R) models that are cosmologically acceptable exhibit a very peculiar behavior of the effective equation of state w DE : this crosses in fact the phantom boundary and undergoes a singularity at a redshift of a few. If future observations will give the precise evolution of w DE in the high-redshift range, it could be possible to detect the peculiar features of the f (R) models. This appears as an interesting way to distinguish f (R) DE models from the ΛCDM cosmology.
When we consider the local gravity constraints, we find that the deviation parameter m is required to be very much smaller than unity in the high-density region where such experiments are carried out. In the f (R) models we studied in Sec. II, the parameter m has asymptotic behaviour m ∝ (−r − 1) as r approaches −1. If we demand that an appreciable deviation from the ΛCDM model can be found around the present epoch (m(z ∼ 0) = O(0.1)), we find that it is difficult to satisfy the LGC because m does not decrease very rapidly in the region with a higher density. In such models viable cosmological trajectories satisfying all these constraints are hardly distinguishable from the ΛCDM model. However, the recently proposed models (42) and (43) can exhibit a deviation from the ΛCDM around the present epoch while satisfying the LGC because the parameter m decreases rapidly in the higher-density region (R ≫ R c ). It would be of interest to place observational constraints on such models including the data of matter power spectrum, SN Ia and weak lensing as well as LGC under the chameleon mechanism.
